This study proposes an algorithm for selecting beam weight, wedge angle, and wedge orientation for three-dimensional radiation therapy treatment planning. According to dose gradient analysis, the necessary and sufficient condition for achieving a homogeneous dose over the target volume is that the total vector sum of the dose gradients of all beams be zero everywhere in the target volume. This study presents equations for calculating the beam weight, wedge angle, and collimator angle ͑because the collimator angle determines wedge orientation when beam direction is known͒ for treatment plans using two angled beams or three coplanar or noncoplanar beams. It also provides suggestions for calculations of treatment plans using more than three beams, for which many feasible solutions will be available. When tested using two clinical cases, this algorithm achieved homogeneous dose distributions over target volumes. With this algorithm, repeated manual adjustments are reduced, and the quality and efficiency of treatment planning are improved. © 2000 American Association of Physicists in Medicine. ͓S0094-2405͑00͒00808-7͔
I. INTRODUCTION
Conventional radiotherapy treatment planning determines beam weights and wedge angles by trial and error. When two angled beams are used, a homogeneous dose distribution in the target volume can be achieved by using the formulas presented in any radiation physics textbook ͑for instance, that by Khan 1 ͒ to select wedge angle and wedge orientation. When three beams are used, two of which are parallel with a third perpendicular to them, a set of formulas proposed by Hu, Lin, and Zhang can be used to select wedge angle and wedge orientation. 2 For more complicated treatment plans, however, especially those involving noncoplanar beams from a three-dimensional treatment planning system, no simple analytical formulas for determining wedge angle and wedge orientation are available. Therefore, manually adjusting beam weights and wedge angles becomes more difficult, and at times even impossible. To overcome this problem, some investigators have focused on optimizing beam weights by supposing that the wedge angle and direction of each beam are known, [3] [4] [5] and others have focused on optimizing both beam weight and wedge angle. 6, 7 Sherouse has proposed a method based on dose gradient analysis. 8 His method differs from the referred optimization algorithms in that it selects beam weight and wedge filter to ensure an homogeneous dose distribution in the target volume under ideal circumstances ͑i.e., homogeneous media, flat surface, and right angle beam entrance͒. Here we apply Sherouse's method to develop an algorithm for determining beam weight and wedge filter for treatment plans involving two angled beams or three coplanar or noncoplanar beams, and we provide suggestions for calculating treatment plans that involve more than three beams.
II. MATERIALS AND METHODS

A. Brief introduction to Sherouse's method
According to Sherouse's definition, 8 the dose gradient vector of one photon beam, G, is determined by the dose distribution resulting from that beam with a weight of one, D(x,y,z), i.e.,
GϭٌD͑x,y,z ͒, ͑1͒
where ٌ is the gradient operator. In the central part of an open beam, G is pointed toward the source and parallel to the central axis of the beam. The magnitude of G is equal to the dose variation per unit depth. The effect of adding a wedge to the beam is to introduce a simple transaxial gradient G t , and the resulting dose gradient G is the vector sum of the inherent axial gradient vector G a and the wedge-induced transaxial gradient vector G t . The angle between G and G a is the wedge angle w . Therefore the relation between the magnitudes of G, G a , and G t is given by G sin w ϭG a tan w ϭG t . ͑2͒
The necessary and sufficient condition for achieving a homogeneous dose over the target volume is met when the total vector sum of the dose gradients of the beams is zero everywhere in the target volume. That is to say, the following equation must be satisfied at any point in the target volume:
where W i is the relative contribution of the ith beam to the target dose, G i is the dose gradient of the ith beam, and n is the number of beams.
When the number of beams and the direction of each beam are fixed, Eq. ͑3͒ can be satisfied by adjusting beam weights or by adjusting beam weights and adding wedges.
The assumptions made by Sherouse 8 are cited here: ͑1͒ the incidence of each beam is perpendicular to a flat patient/ phantom surface; ͑2͒ the open beam is characterized within the intersection volume by a single axial dose gradient, and the wedged beam has the effect of simply introducing an ideal transaxial dose gradient; ͑3͒ all beams have the same axial dose gradient in the region of crossfire ͑i.e., the same energy͒; and ͑4͒ the central axes of the beams intersect at a point. For an ideal case that satisfies all four assumptions, the dose distribution in the target volume will be homogeneous as long as Eq. ͑3͒ is satisfied at the intersection point of the central axes of the beams. However, clinical cases perhaps cannot satisfy any assumptions. Under such circumstances, manual adjustments of beam parameters are still needed. We will emphasize this point again in Sec. IV.
B. Coordinate systems
In treatment planning, beam position relative to a patient is determined by coordinate transformations among four coordinate systems of a treatment machine: the fixed system, the gantry system, the treatment table system, and the collimator system, denoted by the subscripts F, G, T, and C, respectively. All four coordinate systems are identical when a machine is in its default position. According to the definition of the international standard IEC 61217, 9 the gantry angle G and the collimator angle C increase when the gantry and the collimator rotate in a clockwise direction, and the treatment table angle T increases when the treatment table rotates in a counterclockwise direction ͑viewed from in front of the indicator dials͒. When the treatment table rotates to an angle T , the axis Z T of the treatment table system still coincides with the axis Z F of the fixed system, whereas the axes X T and Y T rotate to an angle T relative to the axes X F and Y F , respectively. Therefore, the coordinate transformation from the fixed system to the treatment table system is given by
T are the coordinates of one point of the treatment table system and (X F ,Y F ,Z F )
T are the coordinates of one point of the fixed system. The subscript ''T'' is the transpose operator of a matrix. MFT is the transformation matrix from the fixed system to the treatment table system. Some manufacturers of treatment machines calibrate their treatment tables following the coordinate system described by Siddon; 10 this system produces a table rotation direction opposite that of IEC 61217. Under such circumstances, the parameter T in Eq. ͑3͒ and in all other equations proposed here must be replaced by Ϫ T .
Beam direction can be represented by a unit vector B that is pointed toward the source along the central axis of the beam. When the gantry angle is G and the treatment table angle is T , B in the fixed system (B F ) is represented by
and B in the treatment table system (B T ) is represented by
The direction of the wedge-induced transaxial dose gradient G t is the wedge orientation. A physical wedge can be inserted into its tray under the collimator only along a specific direction, and it rotates with the collimator. Therefore, the direction of G t and the collimator angle C have a oneto-one correspondence with each other. With a unit vector D w to denote the direction of G t , and a unit vector I w to denote the wedge orientation when the collimator angle is zero, the collimator angle C is the angle between I w and D w ,
where the notation cos Ϫ1 is used to denote the principal value of the inverse cosine function.
The two wedge orientations represented by the two collimator angles in Eq. ͑7͒ are opposite one another. The correct orientation can be chosen by observing the room's eye view ͑REV͒ provided by the treatment planning system. Most manufacturers require that their wedges be inserted along the positive direction of the collimator's Y axis. Under such circumstances, I w in the fixed system (I Fw ) is represented by
and I w in the treatment table system (I Tw ) is represented by
When the collimator is at zero degrees and I Fw is pointing in the other direction, we need to add or subtract a constant angle that is based on different irradiation conditions. For example, if I Fw is pointing above the positive direction of the collimator's X axis, the collimator angle must be increased by 90°.
In Secs. II C-II E we use the above-described approach to determine treatment plans, first in a case using two angled beams and then in cases using three beams in coplanar and noncoplanar arrangement, respectively. In each case, we assume that the gantry angle and the treatment table angle of each beam are known. The beam direction and wedge angle/ orientation play redundant functional roles relative to determining the gradient vector for a given beam's dose distribution. In other words, the vector direction of each separate G from each beam can be adjusted using the beam direction or the wedge angle/orientation. In our approach, we assume the beam directions are predetermined ͑e.g., using empirical approach to avoid organ at risk͒. We need to select the appropriate beam weight, wedge angle, and collimator angle for each beam to ensure that the total vector sum of the dose gradients be zero at the intersection point. The selected beam parameters will result in a homogeneous dose distribution in the target volume when the above-mentioned assumptions are satisfied. Otherwise, they can work as the starting point of manual adjustments.
C. Two angled beams
Because the formulas presented in Ref. 1 are applicable only when the table angle is the same for the two beams, we have derived generalized formulas that can be used when the table angles of the two beams are different. As shown in Fig.  1 , a plane, P, is set up to pass through the central axes of two beams, and a line, AB, in plane P is chosen to pass through the intersection point of the central axes of the beams. In the treatment table system, the hinge angle h between the central axes of the two beams is determined by
By adding wedges, we can shift the dose gradients of the two beams from their central axes to line AB in the opposite direction. Therefore, the wedge angle of each beam is equal to the angle between the central axis of this beam and line AB, and the following equation is tenable:
According to Eq. ͑2͒, the magnitude of the ith dose gradient (iϭ1,2) is given by
Because the two dose gradients are opposite one another, Eq. ͑3͒ is simplified as
When Eq. ͑12͒ is substituted into Eq. ͑13͒, the relation between two beam weights is obtained:
In clinical practice, line AB is usually chosen to be perpendicular to the equally separating line of the angle between the two beams. Under such circumstances, the two beam weights and the two wedge angles are equal. The wedge angles are given by
The wedge orientations of the two beams are in the plane P, as indicated in Fig. 1 , and are given by
If N T is the normal direction of the plane P,
When Eq. ͑17͒ is substituted into Eq. ͑16͒,
When we substitute Eqs. ͑18͒, ͑9͒, and ͑6͒ into Eq. ͑7͒, we obtain the collimator angles of the two beams. The collimator angle of the first beam is given by
The collimator angle of the second beam is given by
The choice of C1 from the two values in Eq. ͑19a͒ and the choice of C2 from the two values in Eq. ͑19b͒ must assure that the two wedge heels are close to each other in the REV display. When T1 ϭ T2 or T1 Ϫ T2 ϭϮ180°, the collimator angles are equal to 90°or 270°, respectively.
D. Three coplanar beams
So that the total vector sum of the dose gradients will be zero at the intersection point, two assumptions are made: ͑1͒ the gantry angles of the three beams are in increasing order; and ͑2͒ the dose gradients of the three beams are shifted from the central axes of the beams by angles ⌬ 1 , ⌬ 2 , and ⌬ 3 in the gantry rotation plane by addition of wedges ͑Fig. 2͒.
When we decompose the dose gradients along the axes X F and Y F , the vector equation ͑3͒ is transformed into a scalar equation group:
According to Eq. ͑2͒, the magnitude of the ith dose gradient (iϭ1,2,3) can be represented by The solution for Eq. ͑20͒ will be as follows if Eq. ͑21͒ is substituted into Eq. ͑20͒, W 1 is regarded as a constant, and W 2 and W 3 are regarded as variables:
The wedge angle of the ith beam (iϭ1,2,3) is given by
The collimator angle of the ith beam (iϭ1,2,3) is either 90°or 270°, depending on the sign of ⌬ i .
Equation ͑22͒ shows that the weight of each beam varies with the wedge angles of the three beams, and many combinations of beam weights and wedge angles will satisfy Eq. ͑20͒. Constraints can be added according to the distribution characteristics of the beams, as follows.
͑1͒ If the three beams are distributed in an angle larger than 180°, that is, if G3 Ϫ G1 Ͼ180°, G3 Ϫ G2 Ͻ180°, and G2 Ϫ G1 Ͻ180°, then there is no need to add a wedge to any beam. Thus, w1 ϭ w2 ϭ w3 ϭ0, and Eq. ͑22͒ is simplified as
sin ␣ 32 ͑24a͒
and
where ␣ i j is the angle between the central axes of the ith and the jth beams. ͑2͒ If the three beams are distributed in an angle equal to or less than 180°, that is, if G3 Ϫ G1 р180°, then it is necessary to add a wedge. Let
and The value of w0 should meet the requirement that (( G3 Ϫ G1 )/2ϩ w0 )Ͼ90°. Otherwise, the value of W 2 will be negative.
͑3͒ A special case of constraint ͑2͒ should be considered: If the first and the third beams are opposite one another, the second beam is perpendicular to them. That is, if G3 Ϫ G1 ϭ180°, then G3 Ϫ G2 ϭ G2 Ϫ G1 ϭ90°. In this case, Eqs. ͑26b͒ and ͑27a͒ are simplified as Eqs. ͑26b'͒ and ͑27a'͒, respectively:
If we let w0 ϭ30°, the weights of the three beams are 1.0, 1.15, and 1.0, respectively, and the wedge angles of the three beams are 30°, 0°, and 30°, respectively. If we let w0 ϭ45°, the weights of the three beams are 1.0, 2.0, and 1.0, respectively, and the wedge angles of the three beams are 45°, 0°, and 45°, respectively. This is the solution provided by Ref. 2 . Of course, we can also let w0 equal 15°or 60°. Because each of four wedge angles results in a homogeneous dose distribution in the target volume, the most appropriate one can be selected by inspecting and minimizing the irradiated dose͑s͒ to the organ͑s͒ at risk.
E. Three noncoplanar beams
A unit vector N T is determined by
A plane, P, is set up to pass through the intersection point of all of the central axes of the beams, with N T as its normal direction ͑Fig. 3͒. The angle between the central axis of the ith beam and the normal direction of the plane P, ␤ i , is given by The dose gradient of each beam can be shifted from the central axis to the plane P by adding a wedge of angle ␤ i so that the dose gradients of the three beams are distributed in an angle larger than 180°in the plane P. The magnitude of the dose gradient G i of the ith (iϭ1,2,3) beam is given by
The direction of G i can be represented by a unit vector U i ,
As was true for three coplanar beams distributed in an angle larger than 180°, the beam weights W 2 where ␣ i j is the angle between the dose gradients of the ith and the jth beams,
The wedge angle of the ith beam is given by
The wedge orientation of the ith beam is given by
When Eq. ͑35͒ is substituted into Eq. ͑7͒,
The choice of Ci from the two values of Eq. ͑36͒ is determined so that the angle between the wedge orientation and the normal direction of plane P is greater than 90°.
In clinical practice, there is no need to determine vector N T strictly by Eq. ͑28͒. As long as N T locates within the solid angle formed by the central axes of the three beams, Eqs. ͑29͒-͑36͒ are applicable. The inferior-superior direction is an appropriate candidate for N T in the brain, whereas the posterior-anterior direction is appropriate for N T in the thorax and the abdomen.
III. RESULTS
The following two examples were tested in a treatment planning system ͑PLUNC, Radiation Oncology Department, University of North Carolina, Chapel Hill, NC͒. One plan used two angled beams, and the other used three noncoplanar beams. The energy of the incident photon beam was 6 MV, generated by a Siemens Primus linear accelerator ͑Siemens Medical Systems, Concord, CA͒.
A. Example 1: Two angled beams
A treatment plan using two angled beams was designed for a patient with a parotid tumor. One beam came from the left-anterior-oblique direction with a gantry angle of 55°and a table angle of 0°. Another came from the left-posteriorsuperior direction with a gantry angle of 145°and a table angle of 345°. The table was rotated for the second beam to avoid direct irradiation of the left eye. The beam weights were set to be equal. Beam direction vectors as determined by Eq. ͑6͒ were ͑0.819, 0.0, 0.574͒ and ͑0.554, 0.148, Ϫ0.819͒, respectively, and the hinge angle between the two beams was 90.9°, as determined by Eq. ͑10͒. The wedge angle of each beam, as determined by Eq. ͑15͒, should be approximately 45°. However, we chose to use a virtual wedge angle of 55°for both beams; the increased wedge angle served as a missing tissue compensator ͑see Sec. IV for further explanation͒. As determined by Eq. ͑19͒, the collimator angle of the first beam was either 98°or 262°, and that of the second beam was either 78°or 282°. By observing REV, we easily judged that the collimator angles of the two beams should be 98°and 282°, respectively. Figure 4 shows the dose distribution in the central transverse plane. The maximum target dose was 104.3%. Because the tumor extended to the skin, the minimum target dose was as low as 25%, and an electron boost field would be delivered later.
B. Example 2: Three noncoplanar beams
A treatment plan using three noncoplanar beams was designed to treat a patient with a tumor of the hypothalamus. The isocenter of all three beams was placed at the target center, and the beams were arranged symmetrically around the axis Y T of the turntable system. The gantry angles were G1 ϭ45°, G2 ϭ111°, and G3 ϭ249°, and the turntable angles were T1 ϭ270°, T2 ϭ311°, and T3 ϭ49°. The axis Y T represented the normal direction N T as determined by Eq. T . The plane X T -Z T was the plane P. The angle between the central axis of each beam and the normal direction was 45°, i.e., ␤ 1 ϭ␤ 2 ϭ␤ 3 ϭ45°. The angle between the dose gradients of every two beams was 120°, i.e., ␣ i j ϭ120°(iϭ1,2,3; jϭ1,2,3; i j). The weights of all beams were determined to be equal by Eq. ͑32͒, and the wedge angle of each beam was 45°as derived by Eq. ͑34͒. In this example, the incidence of each of the three beams was nearly perpendicular to the patient's skin surface. Therefore, the calculated wedge angle for each beam did not need to be changed. The collimator angles of the three beams were 90°, 202°, and 158°as derived by Eq. ͑36͒ and by observing the REV display. The 95% isodose curve covered the target volume completely ͑Fig. 5͒. The minimum and maximum target dose was 95.2% and 101.0%, respectively.
IV. DISCUSSION
As described previously, treatment planning requires that we determine three parameters for each beam: beam weight, wedge angle, and collimator angle. Because the weight of the first beam is regarded as a constant, 3nϪ1 parameters must be determined for n beams. However, according to the vector equation ͑3͒, we can set up an equation group of only three equations. Therefore, even for a plan using two beams, the parameters are underdetermined. Other constraints should be used, including the clinical simplicity of the plan and the dose limits to the organs at risk. Different constraints result in different solutions. The solutions given in Sec. II are those that can be carried out easily from the point of view of clinical simplicity. However, they are not yet unique. As described previously, beam weights and wedge angles change with the direction of line AB in a plan using two angled beams, and they change with angles ⌬ i (iϭ1,2,3) in a plan using three coplanar beams. Similarly, the beam weights, wedge angles, and collimator angles change with vector N T in a plan using three noncoplanar beams.
When the number of beams is greater than three, the degree of underdetermination is too large to provide formulas here. However, we can make some suggestions for treatment plans using more than three beams. In ideal situations, if more than three beams are coplanar and are distributed in an angle greater than 180°, the sum of the weighted gradient vectors may cancel to zero by adjusting only the beam weights. Therefore, homogeneous target-dose distribution can be achieved without adding a wedge. Beam weights can be determined by using Eq. ͑3͒ and additional constraints that reflect dose limits for the organs at risk. If more than three beams are noncoplanar and are distributed in a solid angle of less than solid angle of 2, the calculating procedure will be similar to that for three noncoplanar beams, and Eqs. ͑29͒-͑36͒ are still applicable, with the exception of Eq. ͑32͒. That is, a wedge should be added to each beam to shift the dose gradient from the central axis of this beam to a common plane, and the wedge angle is equal to the angle between the central axis of this beam and the common plane. Moreover, if beams are arranged symmetrically around the normal vector of the common plane, the beam weights are equal. An example is the static conformal field technique for stereotactic radiotherapy. 11, 12 If more than three beams are noncoplanar and are distributed in a solid angle greater than 2 sr, there is no need to add a wedge. The tetrad and the FIG. 4 . Dose distribution in the central transverse plane for a treatment plan with two angled wedged beams. The dark coarse curve is the contour of the target. Other curves are isodose lines of 100%, 95%, 85%, 70%, 50%, 30%, and 10%.
FIG. 5. Dose distribution in the central transverse ͑a͒, coronal ͑b͒, and sagital ͑c͒ planes for a treatment plan with three noncoplanar wedged beams. The dark coarse curve is the contour of the target. Other curves are isodose lines of 100%, 95%, 85%, 70%, 50%, 30%, and 10%. hexad plans are examples in which beam weights are equal. 13, 14 In example 1, we used a virtual wedge angle of 55°for both beams instead of the calculated value of 45°. We did so because the wedge angles determined by Eq. ͑15͒ for two angled beams, by Eq. ͑26͒ for three coplanar beams, and by Eq. ͑34͒ for three noncoplanar beams are based on idealized assumptions described in Sec. II A. The first assumption implies that the irregularity of patient/phantom surface upon dose gradient is ignored. The second assumption implies that the influence of tissue inhomogeneity upon dose gradient is ignored. In some clinical cases such as example 2, these assumptions are approximately satisfied, beam parameters determined by equations described in Sec. III can result in clinically satisfactory dose distributions, and there is no need to adjust beam parameters further. Otherwise, such beam parameters can only serve as initial values, and careful manual adjustments are still required to generate clinically satisfactory dose distributions. Example 1 is one such case. We increased the wedge angles by 10°which serves as a tissue compensator to make up the difference from an idealized perpendicular beam entrance. Such increase in wedge angle was somewhat arbitrary but was guided by experience of adding wedge for compensating oblique beam incidence. One way to overcome such limitations is to substitute the spatial averaging of dose gradient within the target volume for the dose gradient at the intersection point of the central axes of the beams. In this way, the influence of patient geometry and tissue inhomogeneity on dose gradient, then, the variation of dose gradient within the target volume are incorporated into calculations. However, the dose constraints to organs at risk are still not incorporated, and the spatial averaging of dose gradient can only be done through sophisticated computer programming. Therefore, we are working on a new optimization algorithm based on a new concept called super-omni wedge, so that the limitations of the algorithm presented here can be totally overcome.
V. CONCLUSION
This study presents an algorithm, based on analysis of dose gradient, for selecting beam weights, wedge angles, and wedge orientations. For treatment plans using two angled beams, three coplanar beams, or three noncoplanar beams, this study provides analytic formulas for calculating these beam parameters in ideal situations. The study also suggests strategies for a treatment plan using more than three beams. With this algorithm, repeated manual adjustments are reduced, and the quality and efficiency of treatment planning are improved.
